Single-variant based genome-wide association studies have successfully detected many genetic variants that are associated with many complex traits. However, their power is limited due to weak marginal signals and ignoring potential complex interactions among genetic variants. Set-based strategy was proposed to provide a remedy where multiple genetic variants in a given set (e.g., gene or pathway) are jointly evaluated, so that the systematic effect of the set is considered. Among many, the kernel-based testing (KBT) framework is one of the most popular and powerful methods in set-based association studies. Given a set of candidate kernels, method has been proposed to choose the one with the smallest p-value. Such a method, however, can yield inflated type I error, especially when the number of variants in a set is large. Alternatively one can get p-values by permutations which, however, could be very time consuming. In this work, we proposed an efficient testing procedure that can not only control type I error rate but also generate power close to the one obtained under the optimal kernel. Our method is built upon the KBT framework and is based on asymptotic results under a high-dimensional setting. Hence it can efficiently deal with the case where a Corresponding author: {pszhong, cui}@stt.msu.edu the number of variants in a set is much larger than the sample size. Both simulation and real data analysis demonstrate the advantages of the method compared with its counterparts.
Introduction
Driven by the advancements in microarray and next generation sequencing technologies, increasing number of genetic variants such as single nucleotide polymorphisms (SNPs), indels and copy number variation, are generated in a daily basis. Traditional genome-wide association studies (GWAS), aiming at associating single SNPs with complex traits, have been proven to be a powerful tool to unveil the genetic architecture of many complex traits. However, the power of traditional GWAS analyses by assessing the effect of SNPs one at a time, is limited due to weak marginal signals and the lack of considering potential interactions among genetic variants. Such limitation has been partially addressed by the recent wave of set-based association studies (e.g., Subramanian et al., 2005) . The extension to a set-based analysis is a natural choice because genetic variants in a set (e.g., a gene or a pathway) tend to work coordinately to fulfill their joint task. On one hand, the subtle effects in multiple variants can be combined so that the joint signal of the set could be potentially boosted and be detected. On the other hand, the set-based strategy improves the power by capturing the complicated interactions among variants if any. There are a variety of biologically meaningful methods to create a SNP-set or gene-set, such as the annotated gene models (for SNP-set), Kyoto Encyclopedia of Genes and Genomes (KEGG) pathway (Kanehisa, 2000) , Reactome (Croft et al., 2011) and Gene Ontology (Ashburner et al., 2000) .
The kernel-based testing (KBT) framework, which measures the similarity between ge-netic variants through a kernel function then compares with the phenotype similarity, is one of the most popular and powerful methods in set-based association studies (Liu et al. 2007 ; Liu et al. 2008 ; Kwee et al. 2008) . KBT is a very general framework and many other similarity based approaches (e.g., Reiss gene set and a disease phenotype can be described by a function h(·), if the true function h(·) comes from the function space generated by the specified kernel, then analysis based on the corresponding kernel will ideally achieve the optimal power. However, the underlying genetic function on a phenotypic response, hence the true function h(·), is generally unknown in practice. As a result, it is difficult to choose what kernel should be used. Given a set of candidate kernels in the KBT framework, a common practice is to choose the one leading to the smallest p-value. This, however, could inflate the type I error rate due to the choice of kernel selection. To overcome this, Wu et al. (2010) proposed a data dependent perturbation method. However, this strategy is over-conservative in a high-dimensional setting in which the number of variants could be much larger than the sample size. Moreover, it needs computationally intensive procedures to evaluate the statistical significance. The computation burden can further hamper its applicability to large scale genomic data.
In a gene-set association analysis, the number of variants (e.g., SNPs), denoted as p, is typically larger than the sample size, denoted as n, especially in a pathway-based analysis.
Such a large p small n problem brings statistical challenges in developing a set-based testing procedure. Therefore, our interest is to find an efficient kernel testing procedure that can maintain nominal type I error rate while achieving high power in a high-dimensional setting (i.e., p > n), under the KBT framework. We mainly focus on a high-dimensional setting and assume a set of candidate kernels are given. We propose an effective and efficient testing procedure when multiple candidate kernels are available. We introduce a new test statistic taking the maximum of the test statistics using the standardized kernels across the candidate set under a high-dimensional setting. We demonstrate the performance of the strategy through a real data application and extensive simulation studies under both continuous and discrete variable settings. The simulation studies show that the proposed approach can maintain the nominal type I error rate, and the maximum method enables the power to be close to the one obtained using the best candidate kernel function in a set, while the perturbation method proposed by Wu et al. (2010) suffers from power loss. Our method enriches the literature of kernel based association methods in genetic association studies, and has broad applications in other fields where the interest is to evaluate the joint (potentially nonlinear) effect of a set of variants with a response.
Statistical methods

The model setup
We assume that n independent subjects from a population are observed in a study design.
For the ith subject, let Y i be the quantitative measurement;
T be a vector of measurements for a gene set, which could be SNP genotypes in a SNP set, or gene expression profiles in a gene expression set;
covariates, where L is finite and i = 1, 2, · · · , n. These covariates can be any clinical variables such as age, gender, and smoking status. In this work, we focus our attention on a p-dim SNP set or gene expression set, where p is assumed to be large and could be larger than the sample size n. For SNP genotype values, an additive model is assumed where X ij is typically coded as 0, 1 and 2 corresponding to the number of minor alleles that subject i possesses at the jth specific locus. The gene expression values are measured as intensity in microarray studies or FPKM values in RNA-seq studies. In this work, we do not assume any specific distribution assumption on X i . This makes our method more general in which it can deal with gene set based association analysis for both gene expression and SNP data.
In the follows, we use gene set to denote a SNP set or gene expression set.
To model the relationship between a quantitative trait and a gene set, we consider the following semi-parametric regression model,
where h(·) is an unknown function, i is a random subject-specific error term following a certain distribution (not necessarily normal) with E( i ) = 0, Var( i ) = σ 2 and is independent of (X i , W i ). The identifiability of the h function is assured by the side condition E[h(X i )] = 0. Our interest is to test association between a gene set and a continuous trait of interest, which can be done by testing the following hypotheses,
Kernel function
Our method is built upon the KBT idea (Liu et al. 2007 ; Kwee et al. 2008) , but with a different testing strategy. Before proceeding to the KBT statistic, we introduce some basics about the kernel function, which is widely used to measure the similarity between two subjects. Kernel function is commonly used to generate the functional space for the underlying true function h(·). A function K : X × X → R is called a kernel function if it is symmetric and positive semi-definite (i.e., K(x 1 , x 2 ) = K(x 2 , x 1 ) for any x 1 , x 2 ∈ X , and the
with the (i, j)-th component K ij = K(x i , x j ). In our context, K(X i , X j ) is a measure of similarity between the ith and the jth subject based on the SNP genotype or gene expression values.
For any positive definite kernel K * with corresponding matrix K * , we can defined its centralized kernel
satisfying E{K(X 1 , X 2 )} = 0, where K * 1 (x 1 ) = E{K * (x 1 , X 2 )}, and µ K * = E{K * (X 1 , X 2 )}.
Empirically, centralized kernel matrix K can be replaced by its estimator
where J is an n × n matrix with all the elements as 1, and 
where c, ρ > 0, d ∈ N are tuning parameters, and IBS kernel defined as
The IBS kernel is for discrete genotype data only. For a review of genomic similarity and more kernel functions, please refer to Schaid (2010a Schaid ( , 2010b .
Throughout this work, we focus on centralized kernel in the testing since the asymptotic distribution of the test statistic using non-centralized kernel is largely determined by the centralized kernel except a location shift. More benefits of using centralized kernel can be found in Lindsay et al. (2008 Lindsay et al. ( , 2014 . Furthermore, we can define the standardized kernel
from which it is easy to verify that E{K(X, X)} = 1. Next let us briefly look at the eigen-decomposition of a kernel function, which is an important way to characterize a kernel 
where the eigenfunctions {ψ m (·)} S m=1 form a complete orthonormal system (i.e., E{ψ E{K(X, X)} could diverge in the high-dimensional case, and it ensures E{K(X, X)} < ∞ so that the eigen-decomposition can be properly defined. By denoting
we can get the pseudo eigen-decomposition of kernel function K(·, ·)
It should be noticed that the eigen-decomposition not only depends on the expression of the kernel, but also implicitly depends on the space X (e.g., dimension p).
A functional space H K , namely a reproducing kernel Hilbert space (RKHS), can be generated by any positive semi-definite kernel function K(·, ·). The form of the functions that reside in H K is characterized by the kernel function K. Here we assume that the h(·) function in model (1) is a member of the RKHS H K . Therefore, by specifying the kernel function, we assume that h(·) function has some structure defined by H K . For example, linear kernel indicates that the overall genetic effect is a linear combination of the individual effects in the set, i.e., h( interactions among variants. On the other hand, challenges arises given that the true function is generally unknown in practice. It is expected that the power of KBT is limited if a kernel function is misspecified. In the following sections, we start with the hypothesis testing problem using a single kernel function, followed by the ones using multiple kernel functions through which the power can be greatly boosted.
Hypothesis test based on a single kernel
We consider the following kernel-based U-statistic (KU)
whereŶ i andσ 2 are the sample estimates under the null model
the asymptotic normality of the test statistic T n under the null hypothesis is stated in the following theorem.
Theorem 1 Assume the density function of error is symmetric around 0 with E(
Then, (i) under the null hypothesis of no genetic effect ( i.e., h(·) = 0),
where σ
2
Tn is the variance of nT n and can be estimated by the following estimator
where B = HK 0 n H; H = I − A; • denotes the Hadamard product (elementwise product); and
if (5) holds, where
A sketch of proof to Theorem 1 is relegated to Appendix. Given the asymptotic normality, we can then obtain the p-value for testing H 0 : h(.) = 0, i.e.,
where Φ(·) is the cumulative density function for a standard normal distribution. As we can see from Theorem 1, the asymptotic normality holds if the condition V 4 /V 2 2 → 0 holds. It was mentioned earlier that this ratio depends on the kernel function, the dimension p of the space where the kernel is defined, and the probability measure on X . To highlight the effect
In the following, we take a further look at the conditions for some commonly used kernel functions.
Example 1 Consider the linear kernel
, and assume a multivariate ran-
Example 2 Consider the quadratic kernel
T as a J-dim random vector with covariance matrix Σ B , where J = (p 2 + 3p)/2. Then
Example 3 Consider the IBS kernel
T as a 2p-dim random vector with covari-
The proofs to Example 1-3 are relegated to Appendix. From the above examples we can see that under the three widely-used kernels, condition (5) is equivalent to a condition on the covariance matrix of a random vector whose length depends on p. Besides, it is a weak condition that brings little constraint to the growth rate of p relative to n. Moreover, if all the eigenvalues of the covariance matrix Σ is bounded, then it is not difficult to see that π p is of orders p −1 , p −2 and p −1 respectively for the linear, quadratic and IBS kernel defined earlier, and π p → 0 as p → 0. For more discussion on the condition tr(
please refer to Chen et al. (2010) .
Although the explicit condition for the covariance matrix of many kernel functions is typically unknown, there do exist consistent estimators for V 2 and V 4 that can provide us the empirical version of π p . Specifically,V 2 = (P
, and P k n is the number of k-permutations of n.
Hypothesis test under multiple candidate kernels
In the previous section, we proposed a test statistic based on a single candidate kernel, and we showed its asymptotic normality under a high-dimensional setting. Since the optimal kernel is generally unknown in practice, we consider a set of M (finite) candidate kernel functions
Two testing methods are proposed under this setting. In the first one, a new kernel function is generated by taking the simple average of the normalized candidate kernels and then apply it to the single kernel based testing procedure. The second method uses a maximum test statistic and the welldeveloped results on multivariate normal distribution. Both methods are computationally efficient and easy to implement in practice.
Test based on kernel average
Without any prior knowledge of the nonparametric function h(·) in (1), taking the simple average among a set of normalized kernels is a natural choice, where the normalization is necessary for equal-metric consideration. In particular, denote the standardized kernels with their empirical matrix forms as
and the simple average kernel with its matrix form as
Intuitively, the performance of the test usingK is most likely a compromise between the best and the worst ones. Its power will not be close to the optimal one among a candidate set, but it is a conservative option to improve the power over the weakest choice in the set given the fact that the truth is unknown in practice. We call this test as the simple average test.
Maximum test among a candidate set
An alternative strategy to the average kernel testing is to perform the test for individual kernels, then taking the maximum as the test statistic. Taking the maximum test statistic is the same as taking the minimum p-value which has been proposed in literature. However, the minimum p-value method often requires computationally expensive techniques such as permutation or perturbation to evaluate the null distribution. Here we focus on the maximum test statistic among all the candidate kernels and take advantage of the derived asymptotic normality under the high dimensional assumption. Let nT n,m and σ 2 Tn,m be respectively the test statistic and the corresponding variance using the mth kernel function, and denote
Tn,m nT n,m , m = 1, · · · , M . As we can see from (6), the p-value is fully determined by Q m , hence maximizing Q m is equivalent to minimizing a nonlinear function of p-values.
We focus on the following maximum statistic
Let ρ kl,n = cov(Q k , Q l ) and ρ kl,n → ρ shift of the optimal kernel, specified in Theorem 1, is large enough.
The proof of Theorem 2 is relegated to Appendix. Based on Theorem 2, the p-value of the maximum test can be calculated as
where the leading order term can be efficiently and accurately calculated in many popular platforms (e.g., mvnorm package in R). Although the true covariance matrix Ω 0 is unknown, it can be approximately substituted by its consistent estimatorΩ n = (ρ kl,n ), wherê
This maximum test strategy enjoys several merits. First, the nature of maximum strategy enables the best power among a set of candidate kernels. Second, the asymptotic normality results obtained under the high-dimensional asymptotics greatly reduce our computational burden, and protects the size from being inflated or over-conservative. Although the maximum method is designed for the highdimensional case, we found in the extensive simulation studies that the method is also applicable when the dimension p is low. Specifically, type I error rate was well-protected and only slightly conservative when p is very low (e.g., p = 10). Under a low-dimensional case, the distribution of Q max can be approximately viewed as the maximum among M correlated chi-square random variables. Although its asymptotic behavior is beyond the scope of this paper, from our simulation studies, we found that as p grows (p ≥ 20), the empirical type I error is very close to the nominated level and the shape of the distributions Q m (m = 1, ..., M ) gets closer to a normal distribution. As the number of variants in a gene set (e.g., in a pathway) is typically large, the proposed test is generally safe to apply in practice. We call this test as the maximum test.
Simulation studies
Extensive simulation studies were conducted to evaluate the type I error rate and the empirical power of the proposed methods. A continuous trait was simulated from the following model,
where i are independent and identically distributed random errors generated from N (0, 1) distribution, W i1 ∼ N (2, 1) and W i2 ∼ Ber(0.6) are independent covariates, and X i is a p-dim discrete or continuous vector representing genotypes or gene expression profiles. To evaluate the type I error, we generated data sets under the null hypothesis of no association (i.e., h(·) = 0), and recorded the proportion of (incorrectly) rejecting the null hypothesis.
To assess the power, we generated data sets by specifying the h function, and recorded the proportion of (correctly) rejecting the null hypothesis. We conducted 1000 simulation 
Continuous variants
Under the continuous variant setting, we simulated X i = (X i1 , · · · , X ip ) from a multivariate normal distribution with mean 0 p and covariance matrix Γ = (0.6 |j−k| ), where p = 50, 100 and i = 1, · · · , n. The sample was assumed to be n = 500, 1000, 2000. The candidate set consists of three commonly used kernels, including linear kernel, polynomial kernel (c = 1, d = 2) and Gaussian kernel K * (x 1 , x 2 ) = exp(− x 1 − x 2 2 /p). In addition to a single kernel based test, the kernel average method (denoted as SimplyAv), the perturbation method (denoted as Pertb) ) and the maximum method (denoted as Max) were also applied. Table 1 reports the type I error rates of tests with varying sample size. We can see that the type I error was not well-protected using the perturbation method, and others are reasonably controlled (close to the nominal level 0.05). This finding implies that the perturbation method is relatively conservative under the high-dimensional setup, while the other method works reasonably well.
To evaluate the testing power, we considered four different scenarios. Under each scenario, the h(·) function was set differently as follows:
where H k (·) is the kth order Hermite polynomial, τ p and S p are two constants that were set differently for each p to adjust for the overall effect. Specifically, (τ p , S p ) = (0. 
Discrete variants
For the discrete variant setting, we generated genotypes based on 378 HAPMAP SNPs To mimic the situation where a large number of SNPs contributes to the trait variation,
we considered the following model,
where S M is a pre-defined set of 30 SNPs with main effects, S I consists of 60 SNP-pairs representing 60 simple interactions. Both {β k , k ∈ S M } and {α kk , (k, k ) ∈ S I } were independently generated from U nif (0, 0.02), and were fixed once generated for all simula-tion replicates. We set the coefficients (a M , a I ) = (0.01, 1.5) under scenario F, indicating the combination of weak main effects and relatively strong interaction effects. We let (a M , a I ) = (3.5, 0) under scenario G, which implies a pure main-effect model.
In addition to linear and polynomial kernels, we added the IBS kernel to the candidate set, since it is commonly used to measure SNP similarity between two subjects in genetic association studies. Similar to the previous section, the SimplyAv, Pertb and Max methods were applied. Table 2 displays the type I error rates of different tests under different sample sizes. We can see that all the tests maintained reasonable type I error rate except the Pertb method which is a little conservative. Again, the reason might be due to the high dimensionality of which the Pertb method cannot handle very well. The power simulation results are shown in Table 3 , where the best and second best powers among all the tests are shown with the underline and bold font, respectively. Again, we observed the power difference of applying different kernels. Among the different methods, the perturbation method has the smallest power which might be due to the issue of highdimensionality. The maximum test always achieves the power as close as the best power indicating the robustness of the testing procedure by taking the maximum among the three individual ones. We also noticed the power improvement as the sample size increases.
In summary, the simulation results indicate that it is generally safe to apply the maximum test strategy given a set of candidate kernels. The maximum test can control the type I error reasonably well, while it also maintains relatively high power. Without knowing the underlying truth, the maximum test procedure is safely recommended in practice under a high-dimensional setup.
Application to real data
We illustrated our methods via the analysis of a Thai baby birth weight data set to in- where > 86% of the pathways are of dimension higher than 500.
We tested the association of each pathway with birth weight, adapting gender (1=male, 2=female) and baby's gestational age at delivery (in weeks) as two covariates. Since we had little knowledge about the underlying true functional mechanism, we applied three different kernels in the test, including IBS kernel, linear kernel and polynomial kernel (c = 1, d = 2).
We applied simple average kernel test, the perturbation method ) and the maximum statistic method. The false discovery rate was controlled using q-value significance levels (0.05 and 0.1) (Storey and Tibshirani, 2003) . Table 4 summarizes the significant KEGG pathway index using different methods. The corresponding p-values and information of the significant pathways are reported in Table 5 . The result shows that the perturbation method ) fails to detect any signal, which is probably due to the over-conservative behavior under the high-dimensional setting. Among the seven distinct pathways detected by the three kernels at q-level 0.1, the maximum test was able to capture five of them, while individual kernel and simple average kernel identified four and three of them, respectively. At q-level 0.05, the observations were quite similar. One important observation is that the p-value of the maximum test is generally close to the smallest p-value among the three kernels, which implies that the maximum test tends to improve the power over the weak choice of kernels. Simply taking average did not achieve the power as the maximum test did. 
Discussion
In this work, we developed testing procedures to test relationship between multiple variants in a gene set and a quantitative trait, while adjusting for other covariates' effects. We considered a general setting where the variants work coordinately in a (non)linear way, and the dimension of the variants p is high in the sense that p can go to infinity as sample size n goes to infinity. We first proposed a test statistic based on a single kernel function, and derived its asymptotic distribution under the null hypothesis. Based on this, we proposed a practical and efficient testing strategy when multiple candidate kernels are available. We demonstrated, via extensive simulation studies and real data analysis, that under a highdimensional setting the maximum method can reasonably control the false positive rate while they can also improve the power over a set of weaker choices of kernels. In particular, the maximum method performs as good as the optimal one for a given set of candidate kernels, hence should be recommended in practice. Compared to the perturbation method (Wu et al., 2013) , the maximum method outperformed it uniformly in various simulation settings.
Our methods enjoy several advantages as described below. The first advantage lies on the ability to accommodate high-dimensional variants and to maintain reasonable type I error rate, even if the utilized kernel functions do not reflect the underlying relationship between the variants and the trait. Another advantage is the flexibility, which is revealed in two aspects. On one hand, we consider a general model which can potentially capture any complex interaction mechanism and is different from many models restricted to linear relation and/or linear interactions. On the other hand, when there are a range of kernels that can be selected to form the candidate set, the proposed maximum kernel testing strategy is shown to maintain improved power over the poor choices of kernels in the set, without the prior knowledge of the underlying genetic function.
Thirdly, our method is easy to implement and is free of computational burden, by applying the asymptotic result of the test statistic. This can greatly facility the applications in pathway (or gene-set) association studies where the variants (SNPs or gene expression profiles) are typically in high dimensions. The unique feature of our method under a highdimensional setup distinguishes itself from many existing ones. Given the typical norm of high-dimensionality in gene set association studies, our method should be a good choice to implement. Our method relies on the asymptotic results where the dimension p is relatively large. Although large p is very typical in gene set association studies, in case of low dimension our method still performs well and can be an alternative to the perturbation method by Wu et al. (2010) .
In our proposed methods, we only consider continuous responses. Extension to a binary response is natural and will be considered in our future investigation. Besides, our current methods were developed without prior knowledge. However, the kernel function actually allows for the inclusion of known information, such as the minor allele frequencies or association signals from an independent study. For example, weighted linear, quadratic, or IBS kernels can be constructed by assigning weights to variables individually. Thus, extension to weighted kernel is another direction that needs further investigation. With the nextgeneration sequencing data, identifying rare variants under the kernel machine framework has been a standard means in rare variants detection ). Our method can also be applied to sequencing data under the KBT framework to improve power by integrating multiple kernel functions. This will also be investigated in our future work. centralized kernel can be written as
We can obtain our claim by letting λ m = Λ mm and φ m (x 1 ) =X 1m , m = 1, · · · , p.
Proof of Example 2:
We first derive the closed form of the centralized kernel function for the quadratic kernel K * (x 1 , x 2 ) = (x 
Combing the centralized expansions for the three terms in (A.1), we can rewrite
Assuming random vector X
follow some distribution with covariance matrix Σ = Q T ΛQ, then we can achieve our conclusion, i.e., π p = tr(Σ 
